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Abstract. We create a continuous state space active inference agent
based on the hierarchical Gaussian filter. It uses the HGF to track the
sufficient statistics of noisy observations of a moving target that is per-
forming a Gaussian random walk with drift and varying volatility. On
the basis of this filtering, the agent predicts the target’s position, and
minimizes surprisal by staying close to it. Our simulated agent repre-
sents the first full implementation of this approach. It demonstrates the
feasibility of supplementing active inference with HGF-filtering of the
sufficient statistics of observations, which is particularly useful in noisy
and volatile continuous state space environments.
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1 Introduction

Active inference [7] is a formal framework for programming and modelling agents
that navigate their environment such that they sample evidence for being within
a desired set of states. This is done by minimizing the surprisal of sensory obser-
vations relative to a generative model of the environment, in which preferences
for states are encoded as prior expectations. Actions are then chosen that are
expected to lead to less surprisal in the future. Evaluating surprisal exactly is
usually computationally intractable. In practical implementations of active infer-
ence, a variational free energy approximation is therefore often used.

Active inference furnishes a modeling framework which unites action and
perception under a shared optimization imperative. Models inherently include a
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balance between epistemic and pragmatic behavior [4], can be related to neuro-
biological theories such as predictive processing [6], and can be motivated from
first principles in physics and information theory [2,8].

Recently, most active inference agents have been implemented as partially
observable Markov Decision Processes (POMDP’s) [18]. Here agents are limited
to making discrete actions and observations in a discrete state space. By contrast,
we here aim to (re-)extend active inference models to the continuous domain.
We demonstrate a principled approach where an active inference agent filters the
sufficient statistics of its observations with a hierarchical Gaussian filter [12,13],
allowing it to perform goal-directed actions in a noisy and volatile continuous
state space-environment.

2 Filtering Sufficient Statistics with Hierarchical
Gaussian Filters

For agents inferring continuous states obscured by observational, informational,
and environmental uncertainty, a fundamental challenge is to filter these various
sources of noise from their observations. One principled way of solving this prob-
lem, which we use here and which is consistent with active inference in general,
is to invert a generative model of what causes sensory observations. The hier-
archical Gaussian filter’s update equations implement such an inversion, where
the generative model consists of a hierarchical cascade of random walks [13].
The update equations in the HGF are a more efficient alternative to variational
Laplace, as detailed in [12]. Given a time series of observations, this allows for
teasing apart observation noise, (potentially changing) volatility and (possibly
state-dependent) regularities like drifts and biases. HGFs also provide precision-
weighted predictions for future states, and can be used to infer a full predictive
posterior probability distribution over observations in the future. This can be
done by constructing the predictive distribution such that it reflects the uncer-
tainty implied in the HGF’s updates when filtering the sufficient statistics of the
observations [14].

The decisive point here is that in a Gaussian model for a continuous uni-
variate hidden state (i.e., Gaussian prior and Gaussian likelihood), the prior
and posterior predictive distributions are Gaussian-predictive distributions, cor-
responding to a reparameterization of the generalized Student’s-t distribution.
This means that in addition to location and scale parameters, the predictive
distribution also has a degree-of-freedom parameter which determines the fat-
ness of its tails. An appropriate filter, such as an HGF, allows for inferring all
three of these parameters. We put this to use here in order for our active infer-
ence agent to make the most appropriate predictions possible, i.e. predictions
which minimize surprisal by optimizing all three of their aspects: point predic-
tion (mean), uncertainty (variance), and fatness of tails (degrees of freedom).
In the next section, we demonstrate how this can be accomplished in a simple
active inference context.
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3 Active Inference in Continuous State Space

We here provide a framework for a proof-of-principle simulation with a simple
HGF-based active inference agent. The agent’s objective is to stay close to a
target which moves in continuous space with varying volatility. We will here
first describe the generative process that forms the environment, and how it
interfaces with the agent’s observations o and actions a. Then we will describe
how the agent makes actions as active inference based on inferences from the
HGF.

The generative process consists of a total of three hidden states. The first is
the target’s position x1 which moves in a Gaussian random walk with a constant
drift ρ:

x1,t ∼ N (x1,t−1 + ρ, x2,t) (1)

The second is the volatility of the random walk x2, which changes in a pre-
specified pattern between low and high levels of volatility. The last is then the
agent’s own position xagent. In this example simulation, the position is fully
determined by the agent’s action aagent, implemented here as being sampled
from a delta distribution:

xagent,t ∼ δ(aagent,t) (2)

The target’s position x1 is observed noisily, with observations o1 normally
distributed around the true position with standard deviation σ:

o1,t ∼ N (x1,t, σ) (3)

The agent also observes its own position perfectly:

oagent,t ∼ δ(xagent,t) (4)

To make inferences and predictions about the position and volatility of the
target, the agent uses a standard HGF with a single volatility parent and a drift
on the position. On each timestep t, this gives the agent a Gaussian belief about
the target’s position on the next timestep with mean μ̂x1,t and precision π̂x1,t.
This lets it generate a full predictive posterior probability distribution for the
observation on the next timestep. This distribution is a t-distribution with νt +1
degrees of freedom, with location μ̂x1,t and precision π̂x1,t:

pPP (o1,t+1|o1,1:t) = t (o1,t|μ̂x1,t, π̂x1,t, νt + 1) (5)

where

νt =
π̂x1,t

πε
, (6)

and πε is the agent’s prior belief about the input precision. In addition, the
agent is equipped with a static prior distribution encoding its expectations (i.e.
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preferences) for observations. The goal prior, as it will be referred to, is here
a probability distribution over differences between the observed position of the
target o1 and the observation of the agent’s own position oagent. Specifically,
it is a Gaussian distribution, with the mean μGP (usually at 0) encoding the
preferred position relative to the target and the precision πGP specifying the
strength of this preference:

pGP (o1 − oagent) = N (o1 − oagent;μGP , πGP ) (7)

On each trial, the agent’s surprisal is calculated as the negative log probability
of its sensory input relative to the goal prior:

�(o1 − oagent) = −ln pGP (o1 − oagent) (8)

In order to choose its action, the agent creates an expected surprisal dis-
tribution over possible control states a. First the expectation of the predictive
posterior over observations of the target is assumed as the observation of the
target. This gives a time-varying distribution over the agent’s preferences for
observations of its own position, given that the target is observed at its expecta-
tion. In the agent’s model of the environment, Eqs. 2 and 4 are recapitulated, so
we can substitute the expected observation oagent with the agent’s control states
aagent:

pGP,t(aagent) = pGP (oagent|o1 = E(pPP (o1, t))) (9)

The right side of this equation is the goal prior over observations of the
agent, given that the target is observed at its expectation E(pPP (o1, t)). The
left side of the equation pGP,t(aagent) then becomes what might be called a ’goal
posterior’, a distribution over preferences for actions. In order to incorporate the
full uncertainty of the agent’s predictions, however, this preference distribution
is convolved with the full predictive posterior. Taking the negative log of the
resulting probability distribution then yields the expected surprisal associated
with each possible move, after including the full uncertainty:

�expected,t(aagent) = −ln pPP (o1) ∗ pGP,t(aagent) (10)

The agent then selects deterministically the action with the lowest associated
expected surprisal.

aagent,t = argmin
a

�expected,t(aagent)) (11)

4 Example Simulation

We here show results from an example simulation with the environment and the
HGF-based active inference implementation described in the previous section.
Figure 1 shows a schematic of the inference, prediction and decision process of
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the active inference agent. A GIF demonstrating the agent moving to follow the
noisy and volatile observations of the target can be found on this link: https://
osf.io/x5v39/

Fig. 1. Graphical sketch of the agent’s action process, visualized on the circle. The
agent starts with a Gaussian prior belief about the target’s position with mean μt−1

and precision πt−1, and makes a new observation ot. From that a new belief is computed
with the HGF (also taking into consideration the drift ρ), and a predictive posterior
t-distribution pPP can be calculated. Finally, the predictive posterior is convolved
with the ‘goal posterior’ pGP (aagent,t) i.e. the goal prior over agent positions given
that the target is observed at its expectation (see Eq. 9). The negative log of the
resulting probability distribution is the expected surprisal associated with the agent
moving to different positions, of which the lowest is selected. If the static goal prior
pGP (o1 − oagent) is symmetric and centered around 0, μt, the mean of pPP and the
agent’s action aagent,t coincide.

Figure 2 shows the inference on the target position, the prediction of future
observations and the subsequent movement of the agent in an example simula-
tion. Here the agent’s goal prior is centered around 0, meaning that it consistently
moves to the mean of its predictive posterior. Figure 3 shows the volatility of the
environment and the agents inferred volatility in the same simulation. Note that
this is a stochastic process, so even though the generating volatility is high it
is not guaranteed that the target will move more. This means that the optimal
inference on the volatility is not always the same as the volatility that gener-
ated the data (as in this case), although it should be when averaged over many
simulations (this is also potentially true for any other hidden aspect of the envi-
ronment). Figure 4 shows the agent’s surprisal at its observation, relative to the

https://osf.io/x5v39/
https://osf.io/x5v39/
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goal prior. As expected, surprisal and predictive uncertainty is generally higher
in those periods where the actual volatility is higher. In general, the agent per-
forms its task well, demonstrating the feasibility of using the HGF for performing
active inference. Code to replicate and modify this simulation can be found on
https://github.com/ilabcode/hgf-active-inference

Fig. 2. Relative positions of the agent and the target. Inner shaded area is the inverse
precision of the inference of the target position. Outer shaded area is the 68% confidence
interval of the predictive posterior

Fig. 3. The agent’s HGF-based inference of the volatility (standard deviation) of the
target’s Gaussian random walk. Shaded area is the inverse precision of the inference.

https://github.com/ilabcode/hgf-active-inference
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Fig. 4. Agent surprisal at making its observation, as calculated from the goal prior.

5 Discussion

We have here provided a proof-of-principle for active inference models in con-
tinuous state space that use hierarchical Gaussian filters to infer and predict
the environment. This provides a way of constructing active inference agents
that efficiently navigate volatile and noisy continuous state space-environments.
The method is consistent with the theoretical framework of active inference, it
is elegant, interpretable, and computationally efficient, and shows promise as a
method for (re-)extending active inference models into the continuous domain.

There are multiple ways in which this method can be extended in order to
employ the active inference framework still more effectively. Most importantly,
there is no epistemic component in the current task, which can be included
to fully utilize the advantages of active inference. Secondly, we have not here
demonstrated the full flexibility of HGF-based active inference. In our simula-
tion, we used a Gaussian goal prior centred around zero, meaning that the agent
in practice always moves to the mean of its predictive distribution. Other distri-
butions can be used for the goal prior, however, for example to make the agent
prefer observing itself at a certain distance from the target, or be more sensitive
to erring in one direction than the other. It is also possible to use more complex
instances of the HGF as generative model, allowing for tracking an arbitrary
number of possibly inter- or action-dependent hidden states. Since our approach
provides a parametric predictive posterior, the expected surprisal can be evalu-
ated directly, leading to the same result as variational methods would converge
on. However, when the generative model is more complex, as for example when
the agent must plan several steps ahead, or when its actions also influence the
movement of the target, this could become less feasible. If so, approximate vari-
ational methods might be required.

It would also be valuable to make a more detailed comparison of the HGF-
based active inference framework to older continuous state space approaches
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(for example the saccade models in [3] or the birdsong models in [5]). There are
also newer mixed continuous-discrete models which combine discrete policy-level
POMDP’s with continuous movement and sensation models [9,10,15]. The pre-
dictions of the discrete model are then used as prior constraints on the continuous
model, which in turn provides evidence for the discrete hypotheses entertained
in the former. The main difference between these approaches and HGF-based
active inference is that the HGF uses single-step update equations instead of the
iterative variational Laplace approach, and that it is generically applicable across
contexts. The HGF-based active inference framework can also be contrasted with
recent attempts at scaling POMDP methods to complex and continuous domains
by amortizing the specification of the generative model with deep learning tech-
niques [1,11,19]. Here, an advantage of HGF-based active inference is that it,
beyond specification of hyperparameters as is also the case in deep learning
approaches, does not need to be trained, and that it is fully transparent and
interpretable.

Finally, it still remains to equip the HGF-based active inference method with
parameter and model structure learning capabilities, so that it can select the
HGF-architecture that best explains observations. This is especially important
when mapping the HGF to neuronal message passing [20]. Note that this can
be combined with recent approaches where the hyperparameters of the HGF are
learned online [16,17]. It also remains to apply it more complex environments,
and to fit it to experimentally observed behaviour. This is feasible because it has
been shown that the HGF is generic and adaptable, can be fit to experimental
data, and can be mapped onto neuronal message-passing.

References
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17. Şenöz, İ., de Vries, B.: Online message passing-based inference in the hierarchical
gaussian filter. In: 2020 IEEE International Symposium on Information Theory
(ISIT), pp. 2676–2681. IEEE (2020)

18. Smith, R., Friston, K., Whyte, C.: A step-by-step tutorial on active inference and
its application to empirical data. PsyArXiv (2021)

19. Tschantz, A., Baltieri, M., Seth, A.K., Buckley, C.L.: Scaling active inference. In:
2020 International Joint Conference on Neural Networks (IJCNN), pp. 1–8. IEEE
(2020)

20. Weber, Lilian, A.E.: Perception as Hierarchical Bayesian Inference - Toward Non-
Invasive Readouts of Exteroceptive and Interoceptive Processing. Doctoral thesis,
ETH Zurich (2020)

https://doi.org/10.3389/fnhum.2011.00039
https://doi.org/10.3389/fnhum.2011.00039
https://doi.org/10.3389/fnhum.2014.00825
https://doi.org/10.1007/978-3-030-64919-7_7

	Inferring in Circles: Active Inference in Continuous State Space Using Hierarchical Gaussian Filtering of Sufficient Statistics
	1 Introduction
	2 Filtering Sufficient Statistics with Hierarchical Gaussian Filters
	3 Active Inference in Continuous State Space
	4 Example Simulation
	5 Discussion
	References




